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Abstract: The present paper aims to define and discuss (Lcs),-manifolds and
Schouten van Kampen connection. We discussed the curvature tensor and Ricci
curvature tensor of this manifold with respect to the SVK-connection. We stud-
ied conformally flat, projectively flat, conharmonically flat, and concircularly flat
(Lcs),-manifolds with the SVK-connection. At last, we gave an example of (Lcs),,-
manifolds with SVK-connection.
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1. Introduction

In 1989, K. Matsumoto [6] introduced the notion of Lorentzian para-Sasakian
manifolds and the generalization of L P-Sasakian manifolds. Lorentzian concircu-
lar structure manifolds (shortly, (Lcs),-manifolds) were introduced in 2003 by A.
A. Shaikh [9]. In 2005 and 2006, Shaikh and Baishya [10], [11] investigated the
application of (Lcs),-manifolds to the general theory of relativity and cosmology.
(Lcs),-manifolds are also studied by Atceken et al ([1], [2]), D Narain and S, Yadav
[13].
The SVK-connection, endowed with an affine connection, is one of the most natural
connections adapted to a pair of distributions on a differentiable manifold [3], [8].
Solov’ev [12] investigated hyperdistributions in Riemannian manifolds using the
SVIK-connection. Then, Zbigniew Olszak [7] studied the Schouten-van Kampen
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affine connection in relation to an almost contact metric structure and obtained
certain curvature properties of this connection on the manifold. Ahmet Yildiz [14],
Semra Zeren [15], M. Manev [5], and others also studied SVK-connection on dif-
ferent manifolds such as f-Kenmotsu manifolds, L P-Sasakian manifolds.

2. Preliminaries
In a Lorentzian manifold (M, g), we define a vector field p and 1-form A as

A(X) = g(X, p), (2.1)
for any vector field X €y (M). This p is called a concircular vector field [15] if
(Vx, A)(X2) = a{g(X1, Xo) + w(X1)A(X2)}, (2.2)

where « is a non-zero scalar function and w is a closed 1-form.
Let M be a Lorentzian manifold admitting a unit timelike concircular vector field
&, called the generator of the manifold, Then we have

9(&: &) =-1 (2.3)

Since € is the unit concircular vector field, there exists a non-zero 1-form 7 so that
for

9(X, &) = n(X) (2.4)
following equations
(Vxim)(X2) = afg(X1, X) 4+ n(X1)n(Xz)] (2.5)
and
Vx§ = afX +n(X)¢] (2.6)

hold for all vector fields X, X, X5 on M, where 57 denotes the covariant derivative
with respect to Lorentzian metric g and « is non-zero scalar function satisfying

Vxa = (Xa) = da(X) = pn(X), (2.7)

where p is a certain scalar function given by p=-(¢a).
If we put

1
60X = —Vx &, (23)
Then from (2.5) and (2.8) we say that

X = X +n(X)¢, (2.9)
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from which we have that ¢ is a symmetric (1,1) tensor field and is called the
structure tensor of the manifold. Thus the Lorentzian manifold M together with
unit timelike concircular vector field ¢, it’s associate 1-form 1 and (1,1)-tensor field
¢, is said to be Lorentzian concircular structure manifold (M, g, ¢, €, n, «)(briefly,
(Lcs)y-manifold) [9]. In particular if a=1, we obtain LP-Sasakian structure man-
ifold [4].

A differentiable manifold M of dimension n is known to be (Lcs),-manifold if it
admits a (1, 1)-type tensor field ¢, a covariant vector field  and a Lorentzian metric
g which satisfy

¢*X =X +n(X)E,

no¢ =0, (2.10)
@€ =0,

9(9X1, 9X2) =g(X1, Xo) +n(X1)n(X2)
for all X1, X5 € x(M). In an (Lcs),-manifold M, we have the following relations
(Vx,0) X2 = afg(X, X5)¢ + 2n(X1)n(X2)€ + n(Xz) X1 (2.11)

N(R(X1, X2)X3) = (o — p)[g(Xa, X3)n(X1) — g(X1, X3)n(X2)], (2.12)
R(X1, X5)€ = (o = p)[n(Xs) X1 — n(X1) X, (2.13)

R(§, X)E = (o — p)(n(X)E + X), (2.14)

S(X, &) = (n—1)(@® = p)n(X) (2.15)

QX =(n—1)(a® - p)X (2.16)

S(6X1,0X5) = (n —1)(0® = p)g(6 X1, 0X5). (2.17)

for any vector fields X, X7, Xo, X5 € x(M). R being the curvature tensor and S
being the Ricci tensor.

Definition 2.1. An n-dimensional pseudo-Riemannian manifold is said to be an
n-Einstein manifold if the Ricci tensor of the manifold satisfies the condition

S<X17 XQ) = ag(Xl,Xg) + b?’](Xl)n(Xg) (218)

If b =0, the manifold is an Einstein manifold.
If a =0, the manifold is a special type of n-Einstein manifold.
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3. Schouten-van Kampen connection

Let U; and U, be two complementary distributions on a connected pseudo-
Riemannian manifold of an arbitrary signature (p,n —p),0 < p <n,n = dimM >
2, such that dim(U;) = (n—1) and dim(Us) = 1 and the distribution Uj is non-null.
Then we have TM = U; ® Us, Also Uy NUs = {0} and U; L Uj such that

Uy = kern, Us = span{¢}

where 7 is a linear form and ¢ is unit vector field such that n(X) = eg(X,¢).
Moreover, it holds that v/ x¢& € Uj.
For any X € TM, if X** and X"? are the projections of X onto U; and Us.
We have
X = X" 4 X

with
Xul =X - U(X)§7

and
X" =n(X)E

The SVK-connection 17 associated with Levi-Civita connection 17 and adapted to
the pair of the distribution (Uy, Us) is defined by [3]

Vi Xe = (Vx, X5 + (vVx, X52)". (3.1)
From the above equation, we have

(Vx, Xg")" = vx, Xo = n(Vx, X2)§ —n(X2) Ux, & (3.2)

and
(Vx, X5%)" = (Vx,m)(X2)§ + (Vv x; X2)E. (3.3)

Thus, the SVI-connection with the help of Levi-Civita connection is being ex-
pressed as [§]

Vi Xe = VxXo —n(Xa) Vx, &+ (V) (X2)8. (3.4)

Thus, with the help of SVK-connection, one can characterize many properties of
some geometric objects, which are connected with the distributions Uy, Us;. We
compute that g,&,n are parallel with respect to v/, that is \yg = 0, € = 0,
vn = 0. Also the torsion T of connection v/ is given as [12]

T(X1, Xo) = n(X1) Vx, § — (X)) Vx, § — 2dn(Xy, X2)E. (3.5)
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4. Curvature tensor on (Lcs),-manifolds with SVK-connection

Let M be an (Les),-manifold with SYK-connection. Then using (2.5), (2.6) in
(3.2), we have the SVK-connection 7 associated to the Levi-Civita connection 17
as

Vx, Xo = Vi, Xo — an(X2) X1 + ag(Xy, Xo)¢ (4.1)

Let R and Z_Q be curvature tensors of Levi-Civita connection 57 and the SVK-
connection v/,

R(X1, X2) X35 = Vx, Vi, X3 — Vi, Vi, X3 — Vi, x01 X3 (4.2)
Using (4.1), together with (2.5), (2.6), and (2.10), we obtain

Vi, VX3 =Vx, Vi, X3 + (p+ 20°)n(X1)g( X2, X3)€ + a(X19(Xs, X3))€
+2029(Xa, X3) X1 — a(X11(X3)) X — an(Xs) Vx, Xo
+ ag(Xy1, Vx,X3)E — an(vVx,Xs) X1 + o?n(Xs)n(X2) X,
— pn(X3)n(X1) Xz, (4.3)

ViV X3 =Vx, Va, Xs + (p 4 207)0(X2) g( X1, X3)€ + a(Xag(X1, X3))¢
+2029(X1, X3) Xy — a(Xon(X3)) X1 — an(X3) Vx, X1
+ ag(Xa, Vi, X3)& — an(vx, Xs) Xa + o?n(Xs)n(X1) X,
— pn(Xa)n(Xa) Xy, (4.4)

@[xl,xg]Xg = V[X1,Xo] X3+ ag(Vx, Xa2, X3)§ — ag(Vx, X1, X3)§
—an(X3) Vx, Xo+an(Xz) Vx, Xi. (4.5)

Using (4.3), (4.4) and (4.5) in (4.2), we have

R(X1, Xo) X3 =R(X1, X2) X5 + 3a2[g( X2, X3) X1 — (X1, X3) Xo]
+ (p+ 202 [(X1)g( X2, X3)€ — n(X2)g(X1, X3)€
+ n(Xo)n(X3) X1 — n(X1)n(Xs)Xo]. (4.6)

By putting X5 = £ in (4.6), we have
R(X1, X)€ = 2(a® — p)(n(X2) X1 — 1(X1)Xo). (4.7)
Taking inner product with £ in (4.6), we have
N(R(X1, X2) X3) = 2(a® — p)(9(Xo, X3)n(X1) — g(X1, X3)1(X2)). (4.8)
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On contracting (4.6), we have Ricci tensor S of an (Les),-manifold with respect
to the SVK-connection v/ as

S(X1, X2) =8(X1, X2) + [a*(3n — 5) — p)]g(X1, X)
+ (n — 2)(202 + p)n(X1)n(Xa). (4.9)

S(X1,§) =2(n — 1)(a” - p)n(X1). (4.10)
Again the Ricci operator Q of an (Lcs),-manifold with respect to the SVK-
connection Y/ is given as

OXi = QXi + [02(3n —5) — Xy + (n— )20+ pp(X1)E.  (4.11)

where S(Xl,XQ) = g(QXl, Xz)
Now, contracting (4.9) with respect to X; and Xj, we have the scalar curvature
7 of the (Lcs),-manifold with respect to the SV/C-connection 7 as

F=r+(n—1)(3n—4)a®—2(n—1)p. (4.12)
where r is scalar curvature with respect to Levi-Civita connection 1.

5. Projectively flat (Lcs),-manifolds with SVK-connection )
The projective curvature tensor P with respect to the SVK-connection v/ is

defined as
_ _ 1 _ _
P(X;, X9) X3 = R(Xq, X2) X5 — m[S(XQ,Xg)Xl — S§(X71, X3) Xy (5.1)

A manifold is said to be projectively flat if

P(X), X2)X; = 0. (5.2)
From equations (5.1) and (5.2), we have
_ 1 _ _
RX1, X)Xy = ——[8(Xa, X5) X1 = S(X1, X5) Xo]. (5.3)

Taking inner product in (5.3) with £, we get

9(R(X1, X2)X3,€) = ﬁ[S(XZaX:s)Q(Xlaf) - S(Xl,Xg,)g(XQ,é)]. (5.4)

Using (4.8) and (5.4), we get

20 p) (g Xe)n(X2) — (X0, Xe)(Xa)) = ——[S(Xa, Xs)n(¥)

—S(X1, X3)n(Xs)].
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Putting X; = &, the above equation takes form

2(0” — p)[-9(Xa, X3) ~ n(Xon(Xs)] = —[~S(Xs, Xs)

—2(n — 1)(a? — p)n(X2)n(Xs)).

Solving, we have the following:

Theorem 5.1. A projectively flat (Lcs),-manifold with SVK-connection is an
Einstein manifold.
An (Les),-manifolds with SVK-connection is said to be ¢-projectively flat if

"P(¢pX1, 0 X2, 0 X3, 0X4) = 0, (5.5)

where X1, X5, X3, X; € x(M).
By (5.1), we have

IP<X17X2aX3aX4) = ,R(XlaX27X3aX4)
1 = _
—H[S(szXs)g(XhXﬂ - S(Xl,X?))g(Xz,sz)],
where ' P(X1, Xo, X3, Xy) = g(P(X1, X2) X3, Xy) and "R(X1, Xa, X3, X4) = g(R(X1,
X2) X3, Xy).
Now putting X; = ¢ X1, Xo = ¢ X5, X35 = ¢X3, X4y = ¢ X, in above and using
(5.5), we have

R(6X1, X3, § X5, 6 Xs) =ﬁ[5<¢xz, 0 Xs)g(9 X1, $Xs)

— S(¢X1, 0 X3)g9(6 X2, 0X4)). (5.6)

Let {¢e1, des.....0e,_1,E} be the local orthonormal basis of vector fields in M.
Putting X; = X4 = ¢; in (5.6) and taking summation over i = 1 to n — 1, we have

n—1 n—1

;/R(Qbeh 0 Xo, 0 X5, pey) = n_1 i 1 [S(pXo, 6 X3) ;gwel’ deq)

n—1

=D S(der, 0Xa)g(6 X, des)] (5.7)

Solving the above, we have

8(6Xa,6Xs) = ——[(n = S(6X2, 6X;) — 9(Q6Xs, 6X;),
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which yields

S(¢0Xs,0X3) = 0= g(Qd X2, 9 X3). (5.8)
Using Q¢ = ¢Q = ¢Q +[(3n — 5)a® — p] in (5.8)
9(¢QX5, 0 X3) + [(3n — 5)a” — plg(dX,, ¢ X3) = 0. (5.9)

Using (2.10) and (2.16), (5.9) reduces to
S(Xa, X3) = [p — (3n — 5)a?|g(Xs, X3) + [np — 2(2n — 3)a’In(X2)n(X3). (5.10)
From (4.9) and (5.10), we obtain
S(Xa, X3) = 2(n — 1)(p — a2)(Xa)(Xa) (5.11)

Thus, we state the following

Theorem 5.2. A ¢-projectively flat (Lcs),-manifold with SVIK-connection is a
special type of n-Finstein manifold.

6. Conformally flat (Lcs),-manifolds with SVK-connection
The Weyl conformal curvature tensor C' of type (1,3) of an n-dimensional Rie-
mannian manifold is given as

O(X1, X2) X3 =R(X1, X)X
1

(n—2)

+ g(X5, X3) QX1 — g(X1, X3)OX,]

MR [9(X2, X3) X1 — g(X1, X3)Xo] - (6.1)

Let us suppose that (Lcs),-manifold is Conformally flat with respect to the SVK-
connection, we have

[S(X27X3)X1 — §(X1, X3) X

C(X1,Y)X3 =0. (6.2)
Using equation (6.1) and (6.2)

R(X1, X2) X5 = G i 2

+ 9(X2, X3) QX — g(X1, X3)OXs]

[S(XQ,Xg)Xl —S(X1, X3)Y
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Taking inner product with X4

g(R(X1,X2)X3,X4) =

m[g()@, X3)9(X1, Xy) — S(X1, X3)9(Xa, Xy)

+ 9(X2, X3)8(X1, Xy4) — g(X1, X5)S(Xa, Xy))
= 1;(" —3 [9(X2, X3)g(Xi, X4)
— 9(X1, X3)g(X2, X4)]. (6.4)

Putting X, = ¢ and using equations (2.4) and (4.10), we have

(n i 2) [S(Xo, Xs)n(X1) — S(X1, X3)n(X2)]
2(n — 1)(e® = p) 7
N o )
[9(X2, Xa)n(X1) — g(X1, X3)n(X2)]. (6.5)

n(R(X1, X2)X3) =

Using equation (4.8), above equation becomes

S(Xa, X3)n(X1) =8(X1, X3)n(Xa) + [

[9(X2, X5)n(X1) — g(Xq, X3)n(X2)]. (6.6)
Using X = ¢ in (6.6) and using equations (4.10) and (2.3), we have

- T

S(Xy, X3) :[n— —2(e” — p)]g(Xa, Xs)

=1 2n(a® — p)|n(X2)n(Xs). (6.7)
Hence, we can state the following:

Theorem 6.1. A conformally flat (Lcs),-manifold with SV -connection is an
n-Einstein manifold.

7. Conharmonically flat (Lcs),-manifolds with SVK-connection B
The conharmonic curvature tensor V' with respect to the SVK-connection 1/ is
defined as
V(X1, X0) X3 =R(X1, X2) X3 — [S(Xa, X3) X1 — S(X1, X3) X5
+9(Xa, X3)QX1 — (X1, X3)QXo]. (7.1)
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A manifold is said to be conharmonically flat if

V(Xl,XQ)Xg = 0 (72)
From equations (7.1) and (7.2), we have

R(X1, X2) X3 = §(Xo, X3) X — S(X1, X3) X2 + 9(X2, X3)QX1 — g(X1, X3)QX,.
(7.3)
Now using (4.6), (4.9) and (4.11)
R(X1, X2) X3 =8(Xs, X3) X7 — S(X1, X3)Xo

+ (a®(6n — 13) — 2p)[g(Xa, X3) X1 — g(X1, X3) X))

+(n — 3)(2042 + p)[9(Xa, X5)n(X1)€ — g(X1, X3)n(X2)E]

+ (n = 3)(2¢% + p) [n(X2)n(X3) X1 — n(X1)n(X5) X

+ [g(X2, X3)QX1 — g(X1, X3)QX]. (7.4)

Put X; = ¢ and using (2.13),(2.15) and (2.16) in above, we get

(@® = p)[9(Xa, X3)€ — 1(X3) Xo] =S(X2, X3)¢ + (5na® — 8a® — 2p(1 —n))
x g(Xa, X3)E. (7.5)

Taking inner product with &, we have

S(Xy, X3) =(9a” — 5na® — 3p + 2np)g(Xo, X3)
+ (10a® — 6na® + 3np — 4p)n(X2)n(X3). (7.6)

Thus we have the following:

Theorem 7.1. A conharmonically flat (Lcs),-manifold with SVIK-connection is
an n-Finstein manifold with the Levi-Civita connection.
Again using (7.6) in (4.9), we obtain

S(Xs, X3) = 2(2 = n)(a” — p)g(X2, X3) +2(3 — 2n)(a” — p)n(Xa2)n(Xs).  (7.7)

Thus, we state
Theorem 7.2. A conharmonically flat (Lcs),-manifold with SVIK-connection is
an n-Einstein manifold.

8. Concircularily flat (Lcs),-manifolds with SVK-connection

The concircular curvature tensor C' with respect to the SVK-connection v is
defined as

n(n —1)

v —

C(Xl,XQ)Xz = R(Xh X2)X3 - [9(X2,X3)X1 - g(XlaXS)XQ] (8-1)
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for all Xl,XQ,Xg in M.

Now assume that (Lcs),-manifold is concircularily flat with SV/K-connection then

%

C(X1, X2) X5 = 0 (8.2)

It follows

R(Xl, Xg)Xg = [g(Xg,Xg;)Xl — Q(Xh X3)X2] (83)

n(n —1)
Using (2.10),(2.12), (4.6) and (4.12), we get

r— (n—1)(4a? + 3na? + 2p)

n(n—1) [9(Xa, X3)n(X1) — (X1, X3)n(Xs)] = 0. (8.4)

This implies that either scalar curvature of the manifold is r = (n—1)(4a®+3na?+
2p) or

9(X2, X3)n(X1) — g(X3, X3)n(X2) = 0. (8.5)
Put X; = ¢ in (8.5) and using (2.10)
9(Xa, X5) = —n(X2)n(Xs) (8.6)
Replace X3 by QXj, we have
S(X2, X3) = —(n — 1)(a” — p)n(Xa)n(Xs). (8.7)

Hence, we state a theorem.

Theorem 8.1. For a concircularly flat (Lcs),-manifold with SVIK-connection,
either the scalar curvature is (n — 1)(4a® + 3na? + 2p) or the manifold is special
type of n-Einstein manifold.

9. An example of (Lcs),-manifolds with SVK-connection
Considering a 3-dimensional smooth manifold Mz{(az,y,z) € Rz +# O},

with (z,y,2), the standard coordinates. Let {ej,eq,e3} be linearly independent
global frame on M given by

e = 223, ey = 222 es = 9 (9.1)

ox

Let g be the Lorentzian metric defined by

9(61761) = 9(62762) =1, 9(63763) = —1, 9(61,62) = 9(62;63) = 9(63761) =0
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and 7 be 1-form defined by 7(Z) = g(Z, e3) for any Z € x(M).
Considering a (1,1) tensor field ¢ defined by

pler) = —ea, Plea) = —e1, ¢(e3) = 0.

Then using linearity of g and ¢, we get

77(63) =—1,
0*(Z) = Z +n(Z)es,
9(Z, W) = g(Z, W) +n(Z)n(W).

for any Z, W € x (M). Now, by computation directly, we get

2 2
s = — €1, ) = ——¢€1, s =0.
le1, €3] Zel le1, €3] 261 le1, ea]

Using Koszul’s formula for the Lorentzian metric g, we have

2 2

VG163 = ——€, VE263 = ——€y, Ve363 - 07
z z
2

Ve €2 = 07 Ve €2 = ;637 Ves€2 = 07

2
Ve €1 = ;63, Ve €1 = 0 Ves e = 0.

From the above it can be easily seen that e3 = £ is a unit timelike concircular
vector field and hence (¢,&,n,g,«) is an (Les)s-structure on M. Consequently

2
M3(9,€,n,g,a) is an (Lcs)z-manifold with o = —= # 0 such that (Xa) = pn(X)
z

where p = —.

Using the above relations, we calculate components of curvature tensor R as follows:

6 6

22

R(eb 63)63 = -

4

6

R(Gl, 63)62 = O, R(GQ, 63)61 = 0, R(eg, e,»)ei = ——¢€s3.

22

€1, R(€27€3)63 = -

(9.3)
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Now the SVK-connection on M is given as

- 2 - 2 _
Ve, €3 = —(; +a)er, Ve,es= —(; +a)es, ez =ales —E),

_ _ 2 -
Ve, €2=0, Ve = ;63 + ag, Ves€2 =0, (9.4)

_ 2 _ _
Ve, €1 = ;63 +af, Vee1=0 ynger =0.

_ 2
From (9.4) we have that \7.e; =0 (1 <4,j < 3) for { = e3 and o = ——. Hence
z

M is a 3-dimensional (Lcs),-manifold withSV/C-connection.

1]

8]

[9]
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